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Generators for nonlinear canonical transformations

J Deenen

Physique Nucléaire Théorique et Physique Mathématique CP229, Université Libre de
Bruxelles, Bd du Triomphe, B-1050 Brussels, Belgium

Received 23 April 1991

Abstract. Canonical transformations whose generators are linear in the basic operators P,
and arbitrary in the canonically conjugate operators Q; are explicitly constructed. It is
shown that they correspond to gauge transformations and changes of variabies. Some
applications are mentioned in the one-dimensional case.

i. Introduction

From the beginning of quantum mechanics, many works have been devoted to canonical
transformations [1]. The first ones were of course the linear transformations [2]. The
study of nonlinear transformations came afterwards. The analysis was essentially
concentrated on some classes of nonlinear bijective [3, 4] and non-bijective [5]
transformations. The dlgt":ufa of the generators was only considered for linear transfor-
mations. In this paper, we want to show that the canonical transformations whose
generators f(Q,,..., @,) and g((Qy,..., Q.)F are written as functions of n couples
of canonical conjugate operators ; and P, form an infinite-dimensional group com-
posed of gauge transformations and changes of variables. Furthermore, we will show
that we are able to build operators that realize these transformations. This is very

ctinng in many haldc kut nc\rh/\n]l)r]\r n tha raca nr avc\rﬂ"\l cnlwal‘\l madale T4 _O1
uu\«l\-auus il Miaily 0TiGs Ul Paliiduaal 1000 Casdt U1 CXal ¢avat:e moaLis (6-Y).

This is also very useful in the construction of realizations of Lle algebras [10-12] and
in the study of special functions connected to them [13-15]. Here, we essentially want
to put the accent on the algebraic aspect of the problem. In a first section, we begin
by introducing and studying the algebra of the generators. The group of canonical
transformations will be examined in the next section. Finally, in the last section, we
will give some applications in the case of one degree of freedom.

2. Algebra of the generators

The canonical transformations that will be discussed in this paper are in fact transforma-
tions for which we give the generators. They will be ideniified as canonical transforma-
tions afterwards. Let us first introduce n couples of canonical conjugate operators Q

and P, (j=1,..., n) that obey the usual commutation relations
(@, Q:]=0 [P, P.]=0 [Q;, P.]=168, forj,k=1,...,n

0305-4470/91/ 163851 +08503.50 @ 1991 10P Publishing Ltd 3851



o

3852 J Deenen

The first generators we consider are those given by any function g of the basic
operators Q;

g(le"'uOn)' (2])

We suppose that this function g is expandable in Taylor's or Laurent’s series. It is
clear that they define an infinite-dimensional Abelian algebra because the commutator
of two such generators is identically null:

[g(Qla-“!Qn)!g,(oly"'sQH)]=0' (22)
A basis for this algebra can be chosen to be the set of all monomials

QUQy:... QW (2.3)
wherem,, ..., m,=0,1,2,...0r0, %1, £2, ... depending on whether we take functions

expandable in Taylor’s or Laurent’s series.
Let us now add to these generators other generators given by linear expressions in
the operators P,

% Qi QP (24)

where the functions f; have the same properties as the function g previously introduced.
The algebra is no longer Abelian but closes with respect to the commutator. We have
indeed

p af afi
[Zﬁ(Qla"‘9Qn)})jssz(le"'9Qn)Pk]:“IZ(f——k_fj k) (25)
i K a0, G168}
For this algebra we can also introduce a basis similar to (2.3)
QUQa2... Qu P (2.6)
where my,...,m,=0,1,2,...0r0,x1,22,...andi=1,..., n

Finally, we may combine both types of generators and the whole algebra is still
closed with respect to the commutator as can easily be seen from the commutator

[Zﬁ(Ql,--.,Qn)P,-,g(Q],---, Q.) }:ﬂif— (2.7)
j eQ;

In the following, we will denote by <, the algebra generated by (2.1), by &, the algebra
generated by the operators (2.4) and by & the whole algebra containinig both types
of generators. It is clear from the commutators (2.2}, (2.5) and (2.7), that %, and
&, are subalgebras of & and moreover that &, is an invariant subalgebra of
o[, Ag] e Ay

3. Canonical transformations

From the algebra we can obtain the elements of the group by using the usual procedure
of exponentiating the algebra. This gives for the generators of 4, the following elements

ei# Q@)
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where for the sake of commodity, we introduce the factor i. Let us now look a little
more at the associated transformations. For this, we will use the Baker-Hausdorff
formula

s al
e*Be™ =Y iA"'{B} (3.1)
m=0 m!

where
A"™{B}=[A,A"T{B}]=[A,[A,...[4,B].. ]]
to get
é}. = eig(ol‘"“Qn)Qj e_i\g(Ql""'On) = Q_}
d 2
P28 (3.2)
3Q
We recognize of course very usual transformations in physics known as gauge transfor-
mations. These are thus the transformations generated by the elements of the algebra

. For the generators of &,, we proceed in a similar fashion. The basic operators Q,
are transformed according to

P =eig(o......o,,)Pj & TIRIQLQ,)

o0

Q_j =exp(i%ﬁc(Ql, . Qn]Pk) < exp(—i ;ﬂ(@l, Cee, Q,,)Pk) = Z_U L‘Am{Q}}
(3.3)
where A is here a linear operator given by

A=l§.jk(Qle L) Qn)Pk-

Let us denote by h(Q,,..., Q,) any function of @Q,,..., Q,. It is then very easy to
show that

(A, B(Q1 s Q=L Al Q1s 0 Q) M_.éa-,_on_).
Applying this last equation m times, we get

4
dQx

In particular, if we apply formula (3.4) to equation (3.3), we get the final expression

Am{h(le"'9Qn)}=(§f;&(ola'"9Qn) ) h(ng---a Qn)n (3.4}

- =1 a \"
Q,A—mgom!(gfk(o.,...,on)aok) Q
d
:exp ka(Qla"'aer)_'—_ Qf‘ (3.5)
[ 8
The new operators QJ- are given as a function of the old ones, Q,, by acting with a
hyperdifferential operator. The result is a given function depending on the Q,, ..., Q,

only. The canonical transformations generated by (2.4) are thus changes of variables.
We will write them as

Qf:”f(os,---, Qr )- (3.6)
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We still have to determine the law of transformation of the basic operators P. The
problem is a little more complex and we will proceed in a different indirect way. First
we look for the general form of P,. Afterwards, we fix completely the P, by taking into
account of the fact that they are canonically conjugate to the Q; as the operators P,
are with respect to the Q,. The first step in the application of Baker-Hausdotff formula
3.1 is

(4, p]= -y HlQn, Q)
DR

P,

that will be rewritten as

] Zg(”{QJ""son)Pk-

A repeated application of this formula will give something like

A"{P}= Zg“"’(Ol,---,Qn)Pk (3.7)
where the functions g‘””(Ql,...,Qn) are not easy to obtain but are well-defined

functions. The law of transformation of the P, can be summarized by the following
equations:

_--—exp( S F(Q, ..., Q,,)Pk) P, exp(*igfx((?.,- Qn)Pk)

> 1
— Z ' Am{P}
=0 M!
1
= ¥ — 5 almn oYyl
L ‘_/_.EJL N1 + WnfLk
m=0 M. i
=Zgjk(le-"9On)Pk' (38)
Consequently, we point out that P, is a linear conbination of the operators P; with
coefficients given by functions of Q,,..., Q,. Let us now impose on this expression
the comimutation relations
[Q, Pl =18y and [P, P}=0. (3.9)

The first commutator, when replacing @; and P, by their value (3.6) and (3.8) respec-
tively, becomes

[HJ'(QI’ ey Qn)azlgkf(ols e Qn)PJ} :isjk

or

: (3.10)
b g“ao, o
by expanding the commutator, It is very useful to introduce for the foliowing the
matrix v whose elements are given by

au,

ot 311
50, (3.11)

Ui =
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Relation {3.10) points out the fact that the matrix g, whose elements are the functions
2. introduced in (3.8), is the inverse matrix of v:

g = U . (3.12)
This of course can be realized only if v™' exists, that is to say if
Uy,
9Q

This condition is precisely what is necessary to ensure the independence of the new
operators ;. Finally, it is easy to verify that the other commutation relation in (3.9)
is automatically verified, provided we suppose

= 0.

detjv,| = det

3'u; _ 3’u;
Qi 0Q; 9QaQy
The final form of this second type of canonical transformations is given by
Q_J':ur'(ols' o Qn)
E:%u;k'(ol,...,o,,)ﬂ (3.13)

where v, is given by (3.11). If we now want to consider the complete algebra s, we
have to combine both types of transformations. We will use the property that all
transformation associated with & is the product of a transformation related with o,
and a transformation of &/,. This gives the general form

Qj=u|’(Qla"',Qn)

5w i I g0, Q)] {3.14)
Ij=%v;¢(Ql,---,QnJLPk——

because it is always possible to factorize the transformation operator in the following
way:

exp(‘igfk(o.,...,o,,)Pk+g(Ql,...,on))

=eXP(i§fL(Ql, e On)Pk) exp(ig'(Q, ..., Qu)) (3.15)

where f1(Q,,...,Q.) and g.(Q,,..., Q.} are well-defined functions obtained from
£A(Q,, ..., Q0 and g.(Q,, ..., Q) Inthe following, we will always use this factorized
form (3.15), We want now to mention that in this paper we start from the algebra of
the generators and then go to the group and to the identification of the transformations.
It is also possible to proceed in the opposite direction, Let us show this for the changes
of variables. We will use a procedure analogous to that used by Ogievetsky [16] for
the general covariance group. Let us start from equation (3.13) that can also be
written as

o~ ot o~ h

= ~ T D n . n, RN
Qj = QJ'+ L Em,m;...m,,Ql "t U (3.160)
m,

by expanding the functions u;(Q,, . .., @,) in Taylor’s series. We choose the =z, .
in such a manner that they are ¢qual to zero when the transformation is the identity.
This form suggests we take the e‘,,{l’,,,_,,__,,,,_ as an infinity of parameters defining the
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transformation. Proceeding in the same fashion as for the Lie finite-dimensional groups,
expression (3.16) may be written

QJ + Z Em,m m,,skjorlnlogl: e Q':” = eiXQI e ¥

k k) 1
where X =2, E(m.)mz o, X‘m,,,,lw,,,,_ and the operators X‘,,fl’m:___,,," are the generators. In
the case of infinitesimal transformations, these relations give

(X, Ql=Y e\, . 5,0MQ...Qn

km,
or
i[X ., » @)= 8,Q71 Q7. .. Q)
It is indeed very easy to verify that these equations admit
Xz, = QVQ52 ... QU P, (3.17)

as a solution. We meet again the generators we proposed at the beginning of this
section. The analysis we made for changes of variables suggests that for general
canonical transformations

Q_j=uj(Ql7“‘aon:Pla"'SPn)

the generators should be given by

QMQT=... QPP P,

4. Applications

In this section, we will examine the special situation where the dimension is equal to
one. The gauge transformations (3.2) become in this case

Q=e5Qe A=
dg (4.1
dQ’
For the changes of variables we have also simplifications, and {3.13] becomes
Q=e"VPQe™M V" =e"Q=u(Q)
_ Lir du(Q)]™" (4.2)
P= 1.f(O)PP lf(Q]nF’:[ il P
€ e 40

where A is now, following (3.5), the differential operator f(Q) d/dQ. The link between
f(Q) and u(Q), in this one-dimensional case, can be made explicit. Let us define

w(Q, =e" (4.3)

which reduces to u(Q) when #=1. It is easy to verify that the function u(Q, ) is a
solution of the partial differential equation
au(Q, 1) Ju(Q, 1) 1)

5 Q5 20 (4.4)

Poel@peind_p_
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that we obtain by differentiating (4.3) with respect to + The solution that we look for
is constrained to the initial value u(Q,0)= Q. The system of ordinary differential
equations associated with (4.4) admits the two following characteristic curves

u=c, and t+F(Q)=¢ (4.5)

where F(Q) is a primitive of 1/f(Q), i.e. dF(Q)/dQ =1/f(Q). The general solution
of (4.4} is thus

u(Q, )= #(t+ F(Q))

where F denotes an arbitrary function. If we now take into account the initial condition,
we obtain

u(Q, )= F7 {1+ F(Q))
which finally gives
u(Q)=F~'(1+F(Q)) (4.6)

where F~' denotes the inverse function of F(Q) introduced in {(4.5). This supposes
of course that this function is bijective. We thus establish the connection between the
functions «(Q) and f(Q). The above relation {4.6) is of course more practical going
from f{ Q) to u(Q}. Let us look now at some interesting special cases. When f(Q) = KQ",
we obtain

Q[1+K(]_H)Qﬂ71]l/(l~nl n#l
eQ n=1.

This last case corresponds to the subgroup of dilatations. Two other special cases are
interesting. They correspond respectively to n =0 for the translations u(Q)=Q+ K
and to n =2 for the homographic transformations u(Q) = Q/(1 — KQ). It is remarkable
that these three special cases n =0, 1,2, whose generators are respectively P, QP and
Q?F, form a subalgebra SL(2, R) of </, .

To stay in the realizations of SL(2, R}, let us mention another application of these
canonical transformations developed here. From all the realizations of SL(2,R) as a
subalgebra of &, let us show that there exists one for which one of the generators, say
X, can be brought, with the help of the canonical transformations (4.1) and (4.2), to
the operator P. If the realization indeed belongs to &/, we necessarily have

X =m(Q)P+h(Q)

Now, from (4.1} and (4.2), we have the general transform of P given by

HIQIP LiklQ) p o —ig(Q) o=if(OIP _ dh’(Q):I_t _[du(Q)]‘gg
e e Pe € [__dQ P —dQ a0

4(Q) ={ @7

from which it is obvious to identify

du(Q) _ dg(Q)
4o =1/h{Q} and 40

After solving these differential equations, we finally obtain u(Q) and g(Q) and thus
completely characterize the canonical transformation. This is particularly interesting
in the construction of exactly solvable models [6-9]. Another field of application where
these transformations play a big role is the field of special functions {10-12], In many
cases where special functions were involved, they generally appear in the matrix

= hy(Q)/ M (Q).



3858 J Deenen

elements of a representation so that the realization in itself has no special meaning.
In those cases, of course, it is judicious to use canonical transformations in order to
simplify at most the realization itself.

The last application we want to mention here concerns the canonical transformations
themselves. In some cases, it is easier to work with the generators and their commutation
relations than with the elements of the group. We can see for example that, if we
combine gauge transformations and linear canonical transformations [2], we generate
the whole group of canonical transformations [4]. As we saw previously, indeed, the
generators of gauge transformations are given by any function g{Q) while linear
transformations are generated by P°, QP and Q7. To close the algebra, we are indeed
obliged to include changes of variables. The commutation [ P, u( Q)] introduces in
fact other generators of the form f(Q)P. Proceeding step by step, we finally see that
we will have to include any generator of the form f(Q)P" and this, of course, generates
the whole group.

5. Conclusions

We have explicitly constructed the canonical transformations whose generators have
a linear dependency in the bassic operators P; and an arbitrary dependency in the Q,.
We obtained in this way gauge transformations and changes of variables. We thus
analysed a subgroup of the general canonical transformations group. If we exclude
the linear transformations, the subgroup we have considered here is probably the
simplest subgroup of the general group. [t seems indeed very difficult, except in very
special cases, to combine other generators without having to include the set of all the
generators in order to close the algebra with respect to the commutator. A field where
it is very interesting to apply such transformations, as those studied here, is the
construction of realizations of a semisimple Lie algebra.
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